Abstract. We introduce some new knot invariants for tame knots using derivations of quandles. The main idea is the notion of action of a quandle on another quandle, which is used to define derivations of quandles. The derivations are then used to introduce some new invariants for tame knots, namely: derivation quandle, total derivation quandle and derivation polynomial. The derivation quandle is a generalisation of the hom quandle invariant of Crans and Nelson [5] . The total derivation quandle contains the hom quandle as an abelian subquandle, and the derivation polynomial is shown to be a stronger invariant than the well-known quandle coloring invariant. Finally, we extend these invariants to tame virtual knots.
Introduction
A quandle is a set with a binary operation that satisfies three axioms motivated by the three Reidemeister moves of diagrams of knots in the Euclidean space R 3 . These objects first appeared in the work of Joyce [13] under the name quandle, and that of Matveev [20] under the name distributive groupoid. They proved that each oriented diagram D(K) of a tame knot K (in fact, a tame link) in R 3 gives rise to a quandle Q(K) called the knot quandle, which is independent of the diagram D(K). The generators of Q(K) are connected components of D(K) and defining relations are of the form a * b = c whenever the arc b passes over the double point separating arcs a and c. Further, it has been shown that, if K 1 and K 2 are two tame knots with Q(K 1 ) ∼ = Q(K 2 ), then there is a homeomorphism of R 3 mapping K 1 onto K 2 , not necessarily preserving the orientations. We refer the reader to the survey articles [4, 14, 21] for more on the historical development of the subject and its relationships with other areas of mathematics. In the last decade, quandles and their analogues have been explored extensively to construct newer invariants for knots and links, which is also the aim of this paper.
Though the knot quandle is a strong invariant for tame knots, it is usually not easy to check whether two knot quandles are isomorphic. Thus, we are lead to explore and develop methods to distinguish between knot quandles. Homomorphisms from knot quandles to simpler quandles, called quandle colorings, are sometimes helpful in distinguishing between two knot quandles. The well-known Fox's n-colorings are homomorphisms of the knot quandle into the dihedral quandle R n on n elements [7, 22] . In fact, finite quandles have been used to define invariants of both knots and links in R 3 , and also generalisations such as virtual knots and knotted surfaces in R 4 . This makes study of algebraic aspects of quandles, which are not necessarily knot quandles, important.
Automorphisms of quandles, which play an important role in our work, have been investigated in much detail. In [10] , automorphism groups of quandles of order less than 6 have been determined. This investigation has been carried forward in [6] , wherein the automorphism groups of dihedral quandles are determined. In [11] , a description of the automorphism group of Alexander quandles has been determined. In [1] , some structural results have been obtained for the group of automorphisms and inner automorphisms of generalised Alexander quandles of finite abelian groups. This work has been extended in [2] , wherein some interesting subgroups of automorphism groups of conjugation quandles of groups are detemined.
Given a tame knot K with knot quandle Q(K) and a finite quandle X, the cardinality of the set Hom Q(K), X of all quandle homomorphisms from Q(K) to X is a well-known knot invariant called the quandle coloring invariant. Recall that, a knot or a link invariant which determines the quandle coloring invariant is called an enhancement of the quandle coloring invariant. Further, an enhancement is called a proper enhancement if there are examples in which the enhancement distinguishes knots or links which have the same quandle coloring invariant. If X is an abelian quandle, then Crans and Nelson [5] proved that the set Hom Q(K), X is itself an abelian quandle. They further showed that their hom quandle is a proper enhancement of the quandle coloring invariant.
The aim of this paper is to present some new knot invariants using the notion of derivations of quandles. The main idea is the notion of action of a quandle on another quandle, which is in analogy with the usual notion of action of a group on a set. The quandle action is then used to define derivations of quandles, which can be seen as twisted analogues of quandle homomorphisms, where the twisting is by quandle actions. These are then used to define some new invariants, namely: derivation quandle, total derivation quandle and derivation polynomial. The derivation quandle is a generalisation of the hom quandle invariant of Crans and Nelson [5] . The total derivation quandle is a quandle containing the hom quandle as an abelian subquandle. Further, the derivation polynomial is shown to be a stronger invariant than the quandle coloring invariant. In the end, the invariants are extended to tame virtual knots also. Although, the results are stated for tame knots, they hold for tame links as well. Our study again highlights usage of automorphism groups of quandles for constructing newer knot invariants. We note that our approach to derivations of quandles is different from the categorical approach considered by Szymik [25, 26] .
The paper is organized as follows: Section 2 collects some basic definitions from the theory of quandles. In Section 3, an action φ of a quandle Q on another quandle X is defined (Definition 3.1), and the action is further used to define derivations from Q to X (Definition 3.4). In Section 4, derivations are considered with respect to quandle actions on abelian quandles. More precisely, it is shown that if φ is the action of a quandle Q on an abelian quandle A, then the set Der φ (Q, A) of all derivations is itself an abelian quandle (Theorem 4.1). The quandle so obtained is called the derivation quandle, and it is shown to inherit some properties from the abelian quandle A (Propositions 4.3 and 4.4). Section 5 establishes that the derivation quandle of a tame knot with respect to an action of the knot quandle on an abelian quandle is a knot invariant (Theorem 5.4) and is a generalisation of the hom quandle invariant of [5] . Further, a bigger quandle called the total derivation quandle is constructed which contains the hom quandle as an abelian subquandle (Theorem 5.7). In Section 6, derivations are used to introduce a polynomial invariant called the derivation polynomial (Theorem 6.1), and it is shown to be an enhancement of the quandle coloring invariant (Corollary 6.2). Section 7 consists of computations of various derivation invariants for some tame knots. In particular, Example 7.5 establishes that the derivation polynomial is a stronger invariant than the well-known quandle coloring invariant. The same example shows that the total derivation quandle is a stronger invariant than the hom quandle invariant of [5] . Finally, in Section 8, similar derivation invariants are defined for tame virtual knots.
Preliminaries on quandles
We begin with the definition of a quandle. Definition 2.1. A quandle is a non-empty set X with a binary operation (x, y) → x * y satisfying the following axioms:
(Q1) x * x = x for all x ∈ X; (Q2) For any x, y ∈ X there exists a unique z ∈ X such that x = z * y;
Example 2.2. Besides knot quandles associated to tame knots, many interesting examples of quandles come from groups.
• If G is a group, then the set G equipped with the binary operation a * b = b −1 ab gives a quandle structure on G, called the conjugation quandle, and denoted by Conj(G).
• If A is an additive abelian group, then the set A equipped with the binary operation a * b = 2b − a gives a quandle structure on A, denoted by T (A) and called the Takasaki quandle of A. Such quandles first appeared in [27] under the name kei. For A = Z/nZ, it is called the dihedral quandle, and is denoted by R n .
• If G is a group and we take the binary operation a * b = ba −1 b, then we get the core quandle, denoted as Core(G). In particular, if G is additive abelian, then Core(G) is the Takasaki quandle.
• Let G be a group and ϕ ∈ Aut(G). Then the set G equipped with the binary operation a * b = ϕ(ab −1 )b gives a quandle structure on G, called the generalised Alexander quandle of G with respect to ϕ.
A quandle X is called trivial if x * y = x for all x, y ∈ X. Unlike groups, a trivial quandle can contain arbitrary number of elements.
A quandle homomorphism is a morphism of quandles. More precisely, if X and Y are quandles, then a quandle homomorphism f : X → Y is a map satisfying
for all x, x ′ ∈ X. The set of all quandle homomorphisms from X to Y is denoted by Hom(X, Y ). As a consequence of the first quandle axiom (Q1) it follows that any constant map from one quandle to the other is a quandle homomorphism. This seemingly trivial fact is actually quite useful. Notice that, the quandle axioms are equivalent to saying that for each x ∈ X, the map
given by S x (y) = y * x is an automorphism of the quandle X fixing x. Such an automorphism is called an inner automorphism of X, and the group generated by all such automorphisms is denoted by Inn(X). A quandle is called involutary if S x • S x = id X for all x ∈ X. For example, all Takasaki quandles are involutary. Motivated by the work of Loos [16, 17] on Riemannian symmetric spaces, Ishihara and Tamaru [12] defined a quandle X to be flat if the group
is abelian. For example, Takasaki quandles of 2-divisible groups are flat [24] .
As pointed out in [10] , it is convenient to specify quandle structures on a finite set X = {x 1 , x 2 , . . . , x n } using an n × n matrix with integer entries. More precisely, the entry at i-th row and j-th column of the quandle matrix of X is the integer k, where x k = x i * x j . This approach is particularly useful for large size quandles, and we use it in Section 7.
The following definition is crucial for our work [13] .
for all x, y, z, w ∈ X.
Abelian quandles are also called medial quandles in the literature. For example, if A is an additive abelian group, then the Takasaki quandle T (A) is abelian. Also, the quandle X with matrix given by A quandle X is said to be commutative if
for all x, y ∈ X. Notice that, unlike in group theory, being commutative and being abelian do not mean the same for quandles. For example, the quandle given by (2.0.1) is abelian but not commutative, since the matrix is not symmetric. In fact, any trivial quandle with more than one element is abelian but not commutative. The dihedral quandle R 3 on three elements is both abelian and commutative.
Actions and derivations of quandles
The main idea of this section is the notion of action of a quandle on another quandle, and, in particular, on a set. This is used to introduce derivations of quandles, the main objects of our study in this paper. Definition 3.1. A quandle action of a quandle Q on a quandle X is a quandle homomorphism
where Aut(X) is the group of all quandle automorphisms of X, and Conj Aut(X) its associated conjugation quandle.
We say that the action is trivial if Im(φ) = {id X }. Notice that, any set X can be viewed as a trivial quandle. In that case, Aut(X) = Σ X , the group of all bijections of the set X, and we obtain the definition of an action of a quandle Q on a set X. (1) Since a constant map from one quandle to another quandle is obviously a quandle homomorphism, it follows that every quandle Q acts on another quandle X. More precisely, if α ∈ Conj Aut(X) is a fixed element, then the constant map φ : Q → Conj Aut(X) sending all elements of Q to α is an action of Q on X. (2) If Q is a quandle, then the map φ : Q → Conj Aut(Q) given by q → S q is a quandle homomorphism. Thus, every quandle acts on itself by inner automorphisms. (3) Let G be a group acting on a set X. That is, there is a group homomorphism φ : G → Σ X .
Viewing both G and Σ X as conjugation quandles and observing that a group homomorphim is also a quandle homomorphism between corresponding conjugation quandles, it follows that the quandle Conj(G) acts on the set X.
Let φ : Q → Conj Aut(X) be an action of the quandle Q on a quandle X. Then the preceding definition implies that there exists a map
where x φ(q) is the image of x under the automorphism φ(q) of X. Let q 1 , q 2 ∈ Q and x ∈ X. Since, φ is a quandle homomorphism, we have
Now evaluating the automorphisms at x give Let σ = (1, 2, 3) be a permutation of X. Notice that σ is not a quandle homomorphism of X. Now the map X × Q → X given by (i, q) → σ(i) for i ∈ X, q ∈ Q clearly satisfies (3.0.1). But, for each q ∈ Q, the induced map X → X is given by i → σ(i), which is not a quandle homomorphism.
Definition 3.4. Let Q and X be two quandles and φ : Q → Conj Aut(X) a quandle action of
for all q 1 , q 2 ∈ Q, is called a derivation with respect to the quandle action φ of Q on X.
With the preceding definition, let
Der φ (Q, X) = {f : Q → X | f is a derivation with respect to φ} denote the set of all derivations with respect to the quandle action φ of Q on X. Notice that, if φ is the trivial quandle action, then a derivation is simply a quandle homomorphism, and hence Der φ (Q, X) = Hom(Q, X), the set of all quandle homomorphisms from Q to X. Further, we remark that if X is a trivial quandle, then for any action φ of Q on X, Der φ (Q, X) = Hom(Q, X). See Example 7.3 for a computation of the derivation set. Given a non-trivial action φ of a quandle Q on a non-trivial quandle X, it is possible that the set Der φ (Q, X) is empty. However, we can always find non-trivial actions of Q on X for which this set is non-empty, which we illustrate as follows. Let S x ∈ Inn(X) be an inner automorphism of the quandle X such that S x = id X . Consider the action φ : Q → Conj Aut(X) given by φ(q) = S x for all q ∈ Q. Then the map f : Q → X defined as f (q) = x for q ∈ Q, is clearly an element of Der φ (Q, X).
Derivation quandles and properties
In the previous section we defined the set of derivations Der φ (Q, X) with respect to the quandle action φ of a quandle Q on a quandle X. It turns out that if X is an abelian quandle, then Der φ (Q, X) is also a quandle. 
for f, g ∈ Der φ (Q, A) and q ∈ Q.
Proof. We verify the quandle axioms one by one. Let f ∈ Der φ (Q, A). Then, we have
for all q ∈ Q, and hence axiom (Q1) is satisfied in Der φ (Q, A). Let f, g ∈ Der φ (Q, A). For each q ∈ Q, by axiom (Q2) in A, there exists a unique a q ∈ A such that a q * f (q) = g(q). Define h : Q → A by setting h(q) = a q . Then h * f = g, and it remains to show that h ∈ Der φ (Q, A). Let q 1 , q 2 ∈ Q. Then,
Using (4.0.2), (4.0.3) and axiom (Q2), we obtain
Let f, g, h ∈ Der φ (Q, A) and q ∈ Q. Then
and hence Der φ (Q, A) is a quandle.
and hence Der φ (Q, A) is abelian.
We refer the quandle Der φ (Q, A) obtained in the preceding theorem as the derivation quandle with respect to the quandle action φ of the quandle Q on the abelian quandle A.
If the action in the preceding theorem is trivial, then we recover the following result of [5, Theorem 4.1], which was our initial motivation. Next we discuss some properties of derivation quandles. Proof. It is easy to see that Der φ Q, T (A) is an additive abelian group with respect to the pointwise addition of functions. Now, for f, g ∈ Der φ Q, T (A) and q ∈ Q, we have
Hence, f * g = 2g − f , which was desired. 
Proof. Assertion (1) is straightforward. For assertion (2), let f, g ∈ Der φ (Q, A) and q ∈ Q. Then
and hence Der φ (Q, A) is involutary. Let f 1 , f 2 , g 1 , g 2 , h ∈ Der φ (Q, A) and q ∈ Q. Then we have
and hence Der φ (Q, A) is flat.
Derivation quandles as knot invariants
Let Q 1 , Q 2 be two quandles and A 1 , A 2 two abelian quandles. Let
be an action of Q 1 on A 1 , and φ 2 : Q 2 → Conj Aut(A 2 ) an action of Q 2 on A 2 . A pair of quandle homomorphisms σ : Q 2 → Q 1 and τ : A 1 → A 2 is said to be action compatible if
for q ∈ Q 2 and a ∈ A 1 . Equivalently, the following diagram commutes
With the preceding definitions, we have 
and hence Φ(f ) ∈ Der φ 2 (Q 2 , A 2 ). Let f, g ∈ Der φ 1 (Q 1 , A 1 ) and q ∈ Q 2 . Then
and hence Φ is a quandle homomorphism. Finally, if σ and τ are both isomorphisms, then we can define Ψ :
). An easy check shows that Φ and Ψ are inverses of each other, and the proof is complete.
Taking Q 1 = Q 2 = Q and σ = id Q in Theorem 5.1, we obtain 
Moreover, if σ is an isomorphism, then so isσ. In addition, if Q 1 , Q 2 are finitely generated and A is finite, then
Theorem 5.4. Derivation quandles of a tame knot with respect to an abelian quandle are knot invariants.
Proof. Let K 1 and K 2 be two equivalent tame knots with knot quandles Q(K 1 ) and Q(K 2 ), respectively. Then, by [13] , there is an isomorphism σ : Q(K 2 ) → Q(K 1 ). Let A be an abelian quandle and
By Corollary 5.3, we obtain an isomorphismσ : Der φ 1 Q(K 1 ), A ∼ = Der φ 2 Q(K 2 ), A . Thus, derivation quandles are knot invariants.
Remark 5.5. If the quandle action in the preceding theorem is trivial, then we recover a result of [5] that the hom quandle of a tame knot with respect to an abelian quandle is a knot invariant.
Remark 5.6. Given a quandle Q and an abelian quandle A, we define the derivation quandle multiset of Q with respect to A as
By Theorem 5.4, the derivation quandle multiset of a tame knot with respect to an abelian quandle is a knot invariant. Thinking of the derivation quandle multiset as a multiset of integral matrices, it is possible to compare the multisets corresponding to two tame knots to see whether they are equivalent.
Given two quandles (X 1 , * 1 ) and (X 2 , * 2 ), the disjoint union X 1 ⊔X 2 can be turned into a quandle by defining
We refer the reader to [2, Proposition 9.2] for a more general construction. It can be easily checked that if X 1 and X 2 are abelian, then X 1 ⊔ X 2 is not abelian in general. Let K be a tame knot and A an abelian quandle. Taking X 1 = Hom Q(K), A and
as above, we can construct a non-abelian quandle
which we refer as the total derivation quandle with respect to the abelian quandle A. As a consequence of Theorem 5.4, we obtain the following:
Theorem 5.7. The total derivation quandle with respect to an abelian quandle is an invariant of tame knots and contains the hom quandle as an abelian subquandle.
In Example 7.5 we give examples of two knots for which the hom quandles are isomorphic but the total derivation quandles are not so, in fact, they are of different sizes.
Polynomial invariant using derivations
Let Q be a quandle and X a finite quandle (not necessarily abelian). Define the derivation polynomial of Q with respect to X as the integral polynomial
Notice that the conclusions of Theorem 5.1, Corollary 5.2 and Corollary 5.3 hold even if the quandles A and A ′ are not necessarily abelian. In fact, abelian-ness is used only to get a quandle structure on the set of derivations. Thus, if X is a finite quandle (not necessarily abelian), then Φ, τ andσ are simply maps and bijections between the corresponding sets. Further, an imitation of the proof of Theorem 5.4 shows that the derivation sets of two equivalent tame knots with respect to a finite quandle have the same size. This together with the definition of derivation polynomial yields the following result. Let K be a tame knot and X a finite quandle. We denote the derivation polynomial of Q(K) with respect to X by D X (K)(u). Notice that D X (K)(0) = | Hom Q(K), X |, the quandle coloring invariant. Thus, we obtain the following.
Corollary 6.2. The derivation polynomial of a tame knot is an enhancement of the quandle coloring invariant.
Later, in Section 7, we give an example to illustrate that the derivation polynomial is, in fact, a proper enhancement of the quandle coloring invariant. Remark 6.3. We can extract quite a bit of information from the derivation polynomial of a tame knot with respect to a finite quandle. Let K be a tame knot with the derivation polynomial D X (K)(u) = a 0 + a 1 u + · · · + a n u n with respect to a finite quandle X. Then, as explained above, the constant term a 0 gives the quandle coloring invariant, which corresponds to the trivial action of Q(K) on X. For each k ≥ 1, the coefficient a k counts the number of non-trivial quandle actions φ of Q(K) on X for which | Der φ Q(K), X | = k − 1.
Illustrative examples and computations
In this section, we give computations of various derivation invariants for some tame knots. We give examples of tame knots which are not distinguishable by the quandle coloring invariant as well as the hom quandle invariant of Crans and Nelson [5] , but the derivation polynomial distinguishes them. This establishes that the derivation polynomial is a proper enhancement of the quandle coloring invariant. We have used the sub-package Knots and Quandles of the HAP package [8] of GAP [9] for our computations. Then by a GAP computation, we obtain D X (K)(u) = 16 + 15u + 20u 2 . 
Then, a GAP computation yields Moreover, the derivation polynomial is
Since X is an abelian quandle, by Theorem 4.1, all the derivation sets Der φ Q(3 1 ), X are also abelian quandles. Let σ = (2, 12)(3, 8)(5, 15)(6, 11)(9, 14) ∈ Aut(X). Consider the constant quandle action φ : Q(3 1 ) → Conj Aut(X) of Q(3 1 ) on X given as φ(a) = σ for all a ∈ Q(3 1 ). Then the derivation quandle with respect to the action φ is
where f 1 (a) = 1, f 2 (a) = 4, f 3 (a) = 7, f 4 (a) = 10 and f 5 (a) = 13 for all a ∈ Q(3 1 ). Further, the matrix of Der φ Q(
The following example illustrates that, sometimes, coloring by the quandle Conj Aut(X) can distinguish knots where coloring by the quandle X itself fails. 
A GAP computation yields Finally, the example below shows that the derivation polynomial is a proper enhancement of the quandle coloring invariant. The same example shows that the total derivation quandle is a stronger invariant than the hom quandle.
Example 7.5. Consider the figure eight knot 4 1 and the knot 5 2 (see [3] ). Let X be the quandle as in Example 7.4. It can be checked that X is an abelian quandle. Then a GAP computation yields
, Conj(Aut(X)) | = 330. Thus, coloring by the quandles X and Conj Aut(X) are not able to distinguish the knots 4 1 and 5 2 . Since the cardinality of the quandle X is 11, it follows that both the knots have only trivial colorings by X, and consequently
Hence, the hom quandle invariant of [5] is also not able to distinguish the knots 4 1 and 5 2 .
Our computations show that the derivation polynomials of the knots 4 1 and 5 2 with respect to X are D X (5 2 )(u) = 11 + 120u + 209u 2 and D X (4 1 )(u) = 11 + 230u + 99u 2 , respectively, and hence distinguishes the knots 4 1 and 5 2 . In fact, the total derivation quandles D Q(5 2 ), X and D Q(4 1 ), X have sizes 220 and 110, respectively, and hence also distinguishes the two knots. Moreover, there exists non-empty derivation sets for some non-constant actions of Q(5 2 ) on X, whereas all the derivation sets corresponding to non-constant actions of Q(4 1 ) on X are empty. This is also one of the criterion to distinguish between knots using derivations. Remark 7.6. It would be interesting to have examples for non-equivalent knots K 1 , K 2 , a finite abelian quandle X and compatible quandle actions φ 1 , φ 2 of Q(K 1 ), Q(K 2 ) on X, respectively, such that Hom
Invariants for virtual knots using derivations
Since the quandle coloring invariant can be extended to virtual knots and links, the ideas of sections 3, 5 and 6 can be easily generalised to the virtual setting. In [15] , Kauffman extended the idea of knot quandle to virtual knots. Manturov [18, 19] further generalised it to construct virtual quandles.
Recall from [19] that a virtual quandle, denoted Q α , is a quandle Q together with an automorphism α ∈ Aut(Q). If α = id Q , then we obtain the usual quandle. A homomorphism of virtual quandles f :
In [19] , Manturov associated a virtual quandle to each virtual knot (in fact, virtual link) and proved the following 
Observe that if X β is a virtual quandle, then its conjugation quandle Conj Aut(X) can be viewed as a virtual quandle by considering the inner automorphism β of Aut(X) induced by β. As in Section 3, we can define action of a virtual quandle on another virtual quandle. Definition 8.2. An action of a virtual quandle Q α on a virtual quandle X β is a quandle homomorphism φ : Q → Conj Aut(X) such that the following diagram commutes In other words, φ is a homomorphism of virtual quandles.
Notice that, for q ∈ Q, the preceding definition implies (1) Let Q α and X β be two virtual quandles. Let f ∈ C Aut(X) (β), the centraliser of β in Aut(X). Then the constant map φ : Q → Conj Aut(X) sending all elements of Q to f is a virtual quandle action of Q α on X β . (2) If Q α is a virtual quandle such that α 2 = id Q , then the map φ : Q → Conj Aut(Q) given by q → S q is a virtual quandle action of Q α on Q α .
Define the set of derivations with respect to the virtual quandle action φ of Q α on X β as Der φ (Q α , X β ) = f : Q → X | f satisfy the derivation condition (3.0.2) and β
If φ is the trivial action, then Der φ (Q α , X β ) = Hom(Q α , X β ), the set of all virtual quandle homomorphisms from Q α to X β . Further, if we take X β to be a virtual abelian quandle, then we obtain the following Theorem 8.4. Let Q α and A β be virtual quandles with A abelian and φ a virtual quandle action of Q α on A β . Then the set Der φ (Q α , A β ) has the structure of a virtual abelian quandle with binary operation (8.0.2) (f * g)(q) = f (q) * g(q)
for q ∈ Q, and automorphism Γ ∈ Aut Der φ (Q α , A β ) given by
for f, g ∈ Der φ (Q α , A β ).
Proof. Proving that Der φ (Q α , A β ) is an abelian quandle is a routine check. We outline a proof that Γ ∈ Aut Der φ (Q α , A β ) . Let f ∈ Der φ (Q α , A β ). Then we have
Further, for q 1 , q 2 ∈ Q, we obtain Γ(f )(q 1 * q 2 ) = β
, by 8.0.1 = Γ(f )(q 1 ) * Γ(f )(q 2 ) φ(q 1 ) .
Thus, Γ(f ) ∈ Der φ (Q α , A β ). It is easy to see that Γ is a quandle automorphism with inverse f → β • f • α. 2 ) be virtual quandle actions of Q for q ∈ Q 2 and a ∈ A 1 . The following result is an analogue of Theorem 5.1 for the virtual case.
